New invariants of 3-dimensional manifolds appearing in the Ktheory of certain operator algebras are introduced. First, we consider the conjugacy problem for pseudo-Anosov diffeomorphisms of a compact surface X. The operator algebra in question is an AF -algebra attached to stable (unstable) foliation of the pseudo-Anosov diffeomorphism. We prove that conjugacy classes of commensurable pseudoAnosov diffeomorphisms are bijective with triples (Λ, i, [I]) consisting of order Λ in an algebraic number field K, embedding i : K → R and equivalence class of ideals [I] in Λ. As a consequence, one gets numerical invariants of such classes: determinant ∆ and signature σ which we compute for the case of Anosov diffeomorphisms. Our approach is a blend of geometric topology and K-theory of operator algebras.
Introduction
In 1983 V. F. R. Jones discovered a 'trace invariant' V L (t) of a closed braid using a representation of the braid group in an (AF) von Neumann algebra [10] . Not only V L (t) discerns the conjugacy classes in the braid group B n but also produces a new topological invariant of the tame knots and links due to the known relationship between the latter and the elements b ∈ B n .
Let Mod X be the mapping class group of a compact surface X, i.e. the group of orientation preserving diffeomophisms of X modulo trivial diffeomorphisms. Recall that ϕ, ϕ ′ ∈ Mod X are conjugate whenever ϕ ′ = h • ϕ • h −1 for an h ∈ Mod X. The conjugation is an equivalence relation which splits Mod X into disjoint classes. Except for the classical case X = T 2 , the construction of effective invariants of the conjugacy classes in Mod X remains an open problem. Elsewhere, the conjugacy problem has been treated algorithmically by Hemion [8] and combinatorially by Mosher [14] .
To motivate our approach, let us remind some facts of the Nielsen-Thurston theory of surface diffeomorphisms. If ϕ ∈ Mod X is an infinite order diffeomorphism, it is called pseudo-Anosov. Any pseudo-Anosov diffeomorphism defines a pair of measured foliations {F s , F u } on the surface X. In a riemannian metric on X, the leaves of F s and F u are mutually orthogonal except at a finite set of common singularities consisting of n-prong saddles. A pair of pseudo-Anosov diffeomorphisms ϕ, ψ will be called commensurable if ϕ m = ψ n for some m, n ∈ Z. If ϕ and ψ are commensurable and one of them is pseudo-Anosov, so will be the second. All pseudo-Anosov diffeomorphisms commensurable to given, define the same pair of measured foliations {F s , F u }. For simplicity, we let F = F s . In connection to the conjugacy problem, the following is true. Up to the commensurability, the pseudo-Anosov elements ϕ, ϕ ′ ∈ Mod X are conjugate if and only if F , F ′ are topologically equivalent as foliations on X. The latter has a usual meaning that there exists a diffeomorphism of X such that it sends the leaves of F to such of F ′ and forgets the measure. In the present note, we treat the conjugacy problem from the standpoint of operator algebras. Namely, we will be concerned with a C * -algebra A attached to measured folation F as follows. We assume F orientable, {e 1 , . . . , e g , e ′ 1 , . . . , e ′ g ; h 1 , . . . , h m−1 } be the canonical basis of H 1 (X, Sing F ; Z) and C ∼ = e 1 be closed curve transverse to F . We consider the map of first re-turn C → C, which is an interval exchange map (λ, π) on n ≥ 2 intervals [22] . Here n = 2g + m − 1, λ ∈ R n is a positive vector and π ∈ Σ n (R) a permutation of Rauzy class R [16] . Further, let (λ, π) ⊃ (λ (1) , π) ⊃ (λ (2) , π) ⊃ . . . be interval exchange maps induced by (λ, π). Recall that λ (1) = A (1) λ, λ (2) = A (2) λ (1) , λ (3) = A (3) λ (2) , . . . , where A (i) ∈ GL(n, Z + ) are positive integer matrices of determinant ±1 [22] . We define A to be an AF -algebra [2] given by the Bratteli diagram: (Different choices of C ∈ H 1 (X, F ; Z) will result in Bratteli diagrams which differ in finite parts only.) For example, the Bratteli diagram on Figure 1 is sketched for n = 3 and the matrices
In case A (i) = A (i+1) = . . . = Const starting from an i ≥ 1, A is called a stationary AF -algebra. We denote such an algebra by A s . In particular, if F is stable foliation of a pseudo-Anosov diffeomorphism, then A = A s (Theorem 1). Recall [15] that foliations F , F ′ are topologically equivalent if and only if A, A ′ are stably isomorphic, i.e. A ⊗ K ∼ = A ′ ⊗ K. (Here K is the C * -algebra of compact operators.) In this way, we are able to reformulate the conjugacy problem for pseudo-Anosov diffeomorphismss as an operator algebra question.
Stable isomorphism classes of AF -algebras were classified by Elliott [4] . They are bijective with pairs (K 0 (A), K + 0 (A)) known as dimension group of A. (For the definition and notation see Section 1.) The Riemann-Roch formula implies K 0 (A) ∼ = Z 2g+m−1 , where g is the genus of X and m the number of saddle points of F . Further we always assume A = A s . In turn, Effros [2] and Handelman [7] showed that stable classification of (K 0 (A s ),
) is a question of algebraic number theory. Roughly, such classes are bijective with similarity classes of full modules 1 in an algebraic number field K. In our setting, the passage from ϕ to h • ϕ • h −1 ammounts to change of basis in the module (Lemma 1).
We seek numerical invariants of the conjugacy classes of pseudo-Anosov diffeomorphisms. If λ 1 , . . . , λ n ∈ K is a basis of the module m, one can define a symmetric bilinear form q : m × m → Q by the formula (λ i , λ j ) → T r(λ i λ j ), where T r is the trace of algebraic number. The determinant ∆ and signature σ of q(x 1 , . . . , x n ) are independent of the particular choice of basis in m. Thus they are constant on the conjugacy classes of pseudo-Anosov diffeomorphisms. At the end of this note, we calculate ∆ and σ for the case X = T 2 . ∆ and σ are a generalization of the determinant and signature invariants of knots to the case of pseudo-Anosov diffeomorphisms.
Knowing conjugacy invariants of pseudo-Anosov diffeomorphisms implies classification of hyperbolic 3-manifolds. Indeed, let M → S 1 be a 3-dimensional manifold which fibers over the circle [5] , [6] , [11] , [13] , [18] , [19] , [20] , [21] 
where ϕ ∈ Mod X is monodromy of the fibration. When ϕ is pseudo-Anosov, M admits a hyperbolic metric [20] . On the other hand, the conjugacy classes of pseudo-Anosov elements of Mod X are bijective with homotopy classes of M [8] . We prove the following results.
Theorem 1 Let F be measured foliation, which is stable or unstable foliation of a pseudo-Anosov diffeomorphism ϕ ∈ Mod X. Let A be the AF -algebra of
(Here g is genus of the surface X, m total number of saddle points of foliation F and A s a stationary algebra A.) Theorem 2 Let ϕ ∈ Mod X be a pseudo-Anosov diffeomorphism and Φ = {ψ ∈ Mod X | ψ commensurable with ϕ}. Further, let 
where a ij = T r (λ i λ j ). Then the determinant ∆ = det(a ij ) and signature σ of form q(x 1 , . . . , x 2g+m−1 ) are invariants of [Φ].
The structure of the paper is as follows. The reader is supposed familiar with the basics of algebraic numbers, K-theory of C * -algebras and geometric topology as exposed respectively by Borevich & Shafarevich [1] , Rørdam, Larsen & Laustsen [17] and Thurston [20] . For otherwise, a brief coverage of these topics is given in Section 1. We prove Theorems 1, 2 and Corollary 1 in Section 2. Finally, in Section 3 we give examples of our invariants in the case X = T 2 .
Notation
In this section we intoduce notation to be used in proof of Theorems 1, 2 and Corollary 1. Our account of properties of introduced objects is by no means systematic, and the reader is encouraged to read [1] , [17] and [20] before going to Section 2. The interval exchange maps are covered in [16] , [22] . Classification of stationary AF -algebras can be found in [7] .
Geometric topology
A. Measured foliations. Let X be compact surface of genus g ≥ 1. A measured foliation F on X with singularities of order k 1 , ..., k n at points x 1 , ..., x n is given by an open cover U i of X − {x 1 , ..., x n } and non-vanishing
It is immediate from the definition that x i are saddles.
By measure µ of F one understands a line element ||φ|| related with the point x ∈ X, induced in each x ∈ U i by ||φ i (x)||. It measures a transversal length of F , since µ vanishes in direction tangent to the leaves of F . For orientable measured foliations, an estimate of number of invariant ergodic measures is as follows. Let n and k be a pair of natural numbers, such that n ≥ k and let X be a compact orientable surface of genus n. Then there exists a C ∞ orientable measured foliation F on X whose singularity set consists of 4-separatrix saddles and which has exactly k invariant ergodic measures. However, H. Masur and W. Veech showed that generic measured foliations have a unique invariant measure, which is a multiple of Lebesgue measure (Keane's Conjecture). Measured foliations are universal in geometric topology, since their projective classes compactify the Teichmüller space of X.
B. Interval exchange maps. Let n ≥ 2 be a positive integer and let λ = (λ 1 , . . . , λ n ) be a vector with positive components λ i such that λ 1 + . . . + λ n = 1. One sets β 0 = 0,
. Let π be a permutation on the index set N = {1, . . . , n} and ε = (ε 1 , ..., ε n ) a vector with coordinates
x ∈ v i , where β π is a vector corresponding to λ π = (λ π −1 (1) , λ π −1 (2) , ..., λ π −1 (n) ). Mapping ϕ preserves or reverses orientation of v i depending on the sign of ε i . If ε i = 1 for all i ∈ N then the interval exchange transformation is called oriented. Otherwise, the interval exchange transformation is said to have flips. Interval exchange transformation is said to be irreducible if π is an irreducible permutation. An irreducible interval exchange transformation T is called irrational if the only rational relation between numbers λ 1 , ..., λ n is given by the equality λ 1 + ... + λ n = 1. Interval exchange maps appear as holonomy (first return) maps of measured frolations. They help to establish many facts about measured foliations, e.g. Keane's Conjecture.
Let ϕ(λ, π, 1) be an oriented interval exchange map on
n ) and permutation π (1) . The vectors λ, λ (1) ∈ R n are connected by formula λ = A
(1) λ (1) , where A (1) = (a ij ) is a positive integral invertible matrix with a ij = # bits of λ (1) i contained in λ j under the piecewise isometry ϕ. Finally, the permutation (n, . . . , 1) is called Rauzy. The associated class R consists of such permutations that the induction process leads to the Rauzy permutation. The Rauzy permutation has advantage of stability under the induction, i.e. π
(1) = π. There is no loss of generality in considering interval exchange maps of class R only, since holonomy of measured foliations is contained in R.
C. Pseudo-Anosov diffeomorphisms. Let X be a compact oriented surface of genus g ≥ 1. Denote by Mod X = Dif f X / Dif f 0 X the mapping class group of X, i.e. the group of isotopy classes of the orientation preserving diffeomorphisms of X. According to the results of J. Nielsen and
′ is reducible by a system of curves Γ surrounded by small tubular neighbourhoods N(Γ), such that on M\N(Γ) ϕ ′ satisfies either (i) or (ii). If ϕ ∈ Mod X is pseudo-Anosov then there exist a stable F s and unstable F u mutually orthogonal measured foliations on X such that ϕ(F s ) = 1 λϕ F s and ϕ(F u ) = λ ϕ F u , where λ ϕ > 1 is called the dilatation of ϕ. Foliations F s , F u are minimal, uniquely ergodic and describe ϕ up to a power.
D. Hyperbolic 3-manifolds. Consider the 3-dimensional manifold (mapping torus)
When ϕ is pseudo-Anosov one obtains Thurston's Hyperbolization Theorem. Namely, let M be the 3-dimensional manifold which is a mapping torus of the homeomorphism ϕ ∈ Mod X. Then M is hyperbolic if and only if ϕ is pseudo-Anosov.
Number fields
A. Algebraic numbers and their traces. Let Q be the field of rational numbers. Let α ∈ Q be an algebraic number over Q, i.e. root of polynomial equation a n x n + a n−1 x n−1 + . . . + a 0 = 0, a n = 0, where a i ∈ Q. A (simple) algebraic extension of degree n is a minimal field K = K(α) which contains both Q and α. Note that coefficients a i can be assumed integer. If K is an algebraic extension of degree n over Q, then K is isomorphic to n-dimensional vector space (over Q) with basis vectors {1, α, . . . , α n−1 }. For this vector space, the multiplication ξ → ηξ by a number η ∈ K becomes a linear transformation of K. If ω 1 , . . . , ω n is a basis for K one can write the transformation as ηω i = n j=1 a ij ω j , where a ij ∈ Q. The trace T r (a ij ) = a 11 + . . . + a nn of the matrix (a ij ) does not depend on the basis ω 1 , . . . , ω n in K and is called trace T r (η) of the algebraic number η. The trace is a Q-linear function on K, i.e. T r(r 1 α 1 + r 2 α 2 ) = r 1 T r(α 1 ) + r 2 T r(α 2 ) for every
B. Rings of integers. Let K be an algebraic extension of degree n over Q. The element τ ∈ K is called algebraic integer if there exits monic polynomial τ n + a n−1 τ n−1 + . . . + a 0 = 0, where a i ∈ Z. It can be easily verified that the sum and product of two algebraic integers is an algebraic integer. The 
does not depend on a basis in m and is called a discriminant of the module m. We call it further a determinant, since it is determinant of the form q(x, y).
C
* -algebras A. Banach algebras. By the C * -algebra one understands a noncommutative Banach algebra with an involution. Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. If A is commutative, then the Gelfand theorem says that A is isometrically * -isomorphic to the C * -algebra C 0 (X) of continuous complex-valued functions on a locally compact Hausdorff space X. For otherwise, A represents a noncommutative topological space X.
B. Dimension groups. Given a C * -algebra, A, consider new C * -algebra M n (A), i.e. the matrix algebra over A. There exists a remarkable semigroup, A + , connected to the set of projections in algebra M ∞ = ∪ C. AF-algebras. An AF (approximately finite) algebra is defined to be a norm closure of an ascending sequence of the finite dimensional algebras M n 's, where M n is an algebra of n×n matrices with the entries in C. Here the index n = (n 1 , . . . , n k ) represents a multi-matrix algebra
−→ . . ., be a chain of algebras and their homomorphisms. A set-theoretic limit A = lim M n has a natural algebraic structure given by the formula a m + b k → a + b; here a m → a, b k → b for the sequences a m ∈ M m , b k ∈ M k . The homomorphisms ϕ i can be arranged into a graph as follows. 
Proofs 2.1 Proof of Theorem 1
(i) Let F be a measured foliation on X such that Sing F is non-empty. We always assume that F is minimal i.e. the closure of every non-singular leaf of F is the entire X.
We can safely assume that F is an orientable measured foliation. Indeed, if F happens to be a non-orientable foliation it means that F has saddle points with an odd number of prongs. We can take a double cover X of surface X with ramification at that saddle points. Then F lifts to an orientable measured foliation F on X and we can work with F remembering how we obtained it.
Every orientable measured foliation F is a canonical suspension over an interval exchange map on n intervals. The number of intervals n is connected to genus of X and number of saddle points of F by a derivation of the Riemann-Roch formula, known as Veech's formula [23] , p.216:
where g is genus of X and |Sing F | the number of saddle points of the foliation F . Note that the rank of matrices A (i) in definition of the AF -algbera A equals n for i = 1, . . . , ∞. It follows from the fact that det A (i) = ±1 = 0 for all induced interval exchange maps. Therefore such will be rank of the abelian group K 0 (A). Item (i) follows.
(ii) The idea of proof is due to Krieger [12] . In fact, the cited paper of Krieger is the place where ordered abelian groups, now called dimension groups, first appeared. We wish to reestablish (ii) in a slightly different way, with an accent on number theory.
Let us outline the idea first. If F is measured foliation, then integrals λ 1 = γ 1 F dµ, . . . , λ n = γn F dµ can be interpreted as lengths of intervals in the interval exchange map induced by F . Here the integrals are taken with respect to measure µ along the basis γ i in H 1 (X, Sing F ; Z). If F is uniquely ergodic (such will be our case) then by definition of A:
as dimension groups. If in addition F is stable (unstable) foliation of a pseudo-Anosov diffeomorphism ϕ and λ ϕ > 1 is the dilatation of ϕ, then ϕ(F ) = Let us pass to a step-by-step construction. Let F a minimal measured foliation on the compact surface X. We assume in addition that F is uniquely ergodic, i.e. every measure on F is a multiple of the Lebesgue measure. Note that the assumption is generic, i.e. true for almost all measured foliations, as was proved by Masur and Veech.
Let (λ 1 , . . . , λ n ) be lenghts of intervals in the interval exchange map defined on a closed transversal to F . It follows from [9] that there exists a basis (γ 1 , . . . , γ n ) in H 1 (X, Sing F ; Z) such that λ i = γ i F dµ. Indeed, λ ∈ R n can be regarded as homomorphism λ ∈ Hom (H 1 (X, Sing F ; Z); R) acting by the formula (λ 1 , . . . , λ n ) → Zλ 1 + . . . + Zλ n . According to Lemma 1 of [9] any such homomorphism appears as integral γ i ω, where ω is a closed 1-form and γ i are basis elements of H 1 (X, Sing F ; Z). Since the trajectories of ω define measured foliation F , we conclude that λ i = γ i F dµ.
Let A be the AF -algebra of F . Since F is uniquely ergodic, the dimension group (K 0 (A), K + 0 (A)) is order-isomorphic to a dense rank n abelian subgroup of the real line. It is easy to see that such will be the subgroup λ 1 Z+. . .+λ n Z.
Indeed, let S(λ, π) be the space of ergodic invariant measures of the interval exchange map (λ, π). Then
cf. formula (0.9) of [22] . By assumption, S(λ, π) is one-dimensional linear space and let ν = 0 be generating vector. On the other hand,
since λ (i) ∈ R n + . Thus λ = kν for a k > 0 and therefore λ is generating vector of S(λ, π). Since S(λ, π) is canonically isomorphic to the state space of dimension group (K 0 (A), K Let F be measured foliation defined by a pseudo-Anosov diffeomorphism ϕ whose dilatation factor is λ ϕ > 1. If µ is the Lebesgue measure on the transversals to F , then:
Let us study the effect of ϕ on the intervals λ i . It follows from formula λ i = γ i F dµ that λ i will acquire factor 1 λϕ for stable foliation F , and factor λ ϕ for the unstable one. Since leaves of F are ϕ-invariant, the multiplication of λ 1 Z+. . .+λ n Z by real number λ ϕ will give the same subgroup of R. In other words, λ ϕ induces a non-trivial automorphism of a dense abelian subgroup of R. Note that such an automorphism sends positive reals to positive reals, i.e. is an order-preserving automorphism of the dimension group (K 0 (A), K + 0 (A)). On the other hand, Effros, Handelman and Shen ( [3] , p.402) showed that non-trivial order-automorphisms exists if and only if λ 1 , . . . , λ n belong to a module in the algebraic number field K = Q(λ ϕ ). In this case λ 1 Z + . . . + λ n Z ⊂ R defines a stationary dimension group isomorphic (by construction) to (K 0 (A), K + 0 (A)) [7] . Thus A = A s . Item (ii) follows.
Proof of Theorem 2
Theorem 2 is an implication of the following basic lemma.
Lemma 1 Let F , F ′ be pair of minimal uniquely ergodic measured folaitions on a compact surface X. Then F , F ′ are topologically equivalent if and only if
are order-isomorphic as dimension groups. (Here A, A ′ are AF -algebras of F , F ′ .)
Proof of lemma 1. The lemma is essentially the main result of [15] . We shall repeat the argument, with an accent on the dimension groups. Let us outline main ideas. We have shown earlier that (K 0 (A),
Here γ i is a basis in H 1 (X, Sing F ; Z).
Since F ′ = h(F ), h ∈ Mod X, using canonical paring between homology and cohomology we replace integration of F ′ along γ i by integration of F along γ Necessary conditions. Let us pass to detailed argument. Suppose that foliations F , F ′ are topologically equivalent, and let us show that
). As before, we identify (K 0 (A), K + 0 (A)) and λ 1 Z + . . . + λ n Z. Note that such an identification is possible only when F is uniquely ergodic.
Let h ∈ Mod X be a diffeomorphism of X which conjugates foliation F and F ′ . Since h sends saddle points of F to such of F ′ , #Sing F = # SingF ′ . We wish to examine action of h on the relative homology H 1 (X, Sing F ; Z). It is sufficient to determine the action, h * , on a basis γ 1 , . . . , γ n of the homology. Since H 1 (X, Sing F ; Z) is a lattice and h is a homeomorphism of X, h * = (a ij ) for a matrix (a ij ) ∈ GL(n, Z). In other words, h * is an automorphism of H 1 (X, Sing F ; Z).
Let us calculate λ
Since F ′ is measured and orientable (see our remarks in §2.1), it is given by trajectories of a closed 1-form. Denote the form by ω ′ and let ω ′ ∈ H 1 (X, Sing ω ′ ; R) be respective class in the cohomology. Using the Poincaré duality,
In view of the last equation, it is easy to see that the following two subgroups of R are the same:
Note that with an appropriate choice of γ 1 , . . . , γ n , we can always make a ij to be non-negative. (It follows from that fact that each equivalence class of integral matrices contains a non-negative representative.) In particular, we conclude that if λ 1 , . . . , λ n were positive, so will be λ 1 , . . . , λ n . We get
). Since the two dimension group have unique state, we can rewrite the above equality as
Further, we can use Veech's zippered rectangles [23] to construct orientable measured foliations F , F ′ on X with holonomy λ, λ ′ , where λ = (λ 1 , . . . , λ n ) and
. Denote by h : X → X a diffeomorphism such that in a basis of H 1 (X, Sing F ; Z) h * = (a ij ). Then, one can verify by a direct calculation that F ′ = h(F ). Lemma 1 follows.
To finish the proof of Theorem 2, recall the bijection between:
• conjugacy classes of commensurable pseudo-Anosov diffeomorphisms and topological equivalence classes of their invariant measured foliations;
• stable isomorphism classes of AF -algebras and order-isomorphism classes of their dimension groups.
Let us give a short proof of the first fact only, the second being now a standard part of K-theory for AF -algebras. If F is such that ϕ(F ) = F for a pseudoAnosov diffeomorphism ϕ, then so will be F for any power of ϕ. Further, if there is a pseudo-Anosov ψ ∈ Mod X such that its power leaves F invariant, then ψ is commensurable to ϕ. Thus we get a set Φ of pseudo-Anosov diffeomorphisms, such that F is invariant for each φ ∈ Φ.
Let now F ′ = h(F ) for an h ∈ Mod X. Since F = ϕ(F ), the latter can be written as To find numerical invariants of m which are independent of basis (λ 1 , . . . , λ 2g+m−1 ), let us consider the form q(x 1 , . . . , x 2g+m−1 ) = i,j T r(λ i λ j )x i x j . Since λ i λ j = λ j λ i form q is symmetric. Since T r(pα 1 +rα 2 ) = pT r(α 1 )+rT r(α 2 ), α 1 , α 2 ∈ K, p, r ∈ Q, for q is a bilinear form over the field Q. Note that the form q itself depends on the basis in m. The change of basis in m corresponds to passage to the form q ′ , which is equivalent to q. There exist two well-known invariants of equivalence classes of symmetric bilinear forms (defined over any field of characteristic zero). They are:
• determinant ∆ = det(a ij ), where a ij = T r(λ i λ j ) are coefficients of q;
• signature σ = #positive − #negative elements in the diagonal normal form of q.
Both invariants are classical, and we do not comment on them reffering the reader to standard texts on linear algebra. Taking into account Theorem 2, we get immediately the conclusion of Corollary 1.
Anosov diffeomorphisms
In present section we calculate the K-invariants of conjugacy classes of nonperiodic diffeomorphism of two-dimensional torus. We construct a simple numerical example which illustrates that our invariants discern the conjugacy classes which cannot be detected otherwise, e.g. by the Alexander polynomials.
Recall that isotopy classes of the orientation-preserving diffeomorphisms of torus T 2 are bijective with 2 × 2 matrices with integer entries and determinant +1, i.e. Mod T 2 ∼ = SL(2, Z). Under the identification, the non-periodic diffeomorphisms correspond to matrices A ∈ SL(2, Z) with |T r A| > 2. Traditionally, such diffeomorphisms are called Anosov's. 
Full modules and orders in quadratic fields
and σ = +2 in both cases, where σ = #(positive) − #(negative) entries in the diagonal normal form of q(x, y).
Example
In conclusion, let us consider a numerical example which shows effectiveness of our invariants. Denote by M A and M B the hyperbolic 3-manifolds obtained as a punctured torus bundle over the circle with monodromies 
Open problems
A. The signature of knots is an important invariant connected to cheirality and knotting number of knots and links. It will be interesting to find a geometric interpretation to the signature σ of pseudo-Anosov diffeomorphisms and hyperbolic 3-manifolds.
B. It is interesting that conjugacy classes of hyperbolic matrices in SL(n, Z) depend on the same set of invariants as conjugacy classes of pseudo-Anosov diffeomorphisms [24] . In this way, one can establish a representation of pseudo-Anosov's in SL(n, Z). Is Mod X linear?
